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Abstract 
A method is proposed for simplified elastic-plastic analysis of cracked components based on 
a local approach. This implies that the J integral for a cracked component can be estimated 
from a uniformly loaded reference specimen subjected to the same maximum equivalent 
stress as the critical location of the component. The method is applied to three basic 
configurations made of power-hardening elastic-plastic material: (a) a double-edge-notched 
tension plate, (b) a double-edge-cracked-bending plate and (c) a double-edge-cracked tension 
plate. The method shows good overall agreement for the configurations considered. 

 
Introduction 
Surface cracks, which are most likely to be found in many structures in service, such as 
pressure vessels and piping, have been recognised as a major origin for failure for such 
structures. If these structures are exposed to plastic deformation, non-linear analysis is 
required for lifetime predictions. Even with modern computing tools, non-linear finite 
element analysis is a computer intensive task. Thus, simplified methods for analysing non-
linear notched and cracked components are of great practical interest. Such an attempt was 
made by Neuber [1] for approximate calculation of stress and strain at the root of a notch in 
an elastic-plastic solid. Neuber’s rule has latter been generalised to cover time-dependent 
plasticity by Härkegård and Sørbø [2]. The study of a shallow edge crack at the root of a 
notch has been an important subject during recent decades [3]. While the stress intensity 
factor K has been used to describe the condition at the tip of a crack in a linear elastic body, 
the J integral as first formulated by Rice [4] is used when a body exhibits plastic deformation.  

The objective of the present paper is to present a simplified local approach for shallow 
surface cracks in smooth and notched components, which enables the J integral to be 
estimated from a known basic solution. The accuracy of the local approach for non-linear 
analysis of cracks in smooth and notched components is assessed using finite element 
calculations for three basic configurations.  
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Simplified non-linear crack analysis 
When the influence of plastic strain has to be taken into account, the path-independent 
contour integral J is used instead of K. Based on dimensional arguments, it should be possible 
to write the path-independent contour integral J as  

e e=J g a,σ ε   (1) 

where the dimensionless factor g depends on the crack geometry, power-hardening exponent 
and the load configuration. The equivalent stress and strain in equation (1) are given by 

e
3
2

= ' '
ij ij ,σ σ σ                                                                                                         (2a) 

e
2
3

= ' '
ij ij ,ε ε ε                                                                                                           (2b) 

where '
ijσ  is the deviatoric stress tensor and '

ijε  the associated deviatoric strain tensor. If the 
geometric factor g is only known for a single shallow surface cracked configuration, denoted 
in the following as the reference specimen, it should be possible to predict J for a component 
based on the additional information about g. Both the component and the reference specimen 
contains a shallow crack of depth a. If the two cracked configurations are subjected to the 
same stress or strain field at the crack tip, the J integral should be equal, i.e. 

ref=J J ,   (3) 

or 

ref ref
1= =

J g ,
J g

     (4) 

where the J integral for the reference specimen has been denoted by the subscript ref. The 
preceding solutions can only give a qualitative idea about the actual J. As a matter of fact, the 
geometric factor g is not a constant (even for a given geometry). If the material is elastic-
plastic, which varies from linear elastic behaviour as e 0→σ  to power-hardening as 

e →∞σ , Shih and Hutchinson [5] suggested that the J integral could be considered to consist 
of an elastic and a plastic term. Thus, in the elastic-plastic range the following equation 
satisfies the asymptotic behaviour of J, as  and e 0→σ ∞ , respectively: 

e p e e p p
e e e e= + = +J J J g a g a,σ ε σ ε                                                                            (5) 

where ge and gp denotes the asymptotic values under linear elastic and fully plastic 
conditions, respectively. 

The validity of the local approach as expressed in equation (4) is in the following sections 
assessed by finite element analysis of three basic configurations: (a) a double-edge-notched 
tension plate (DENT), (b) a double-edge-cracked-bending plate (DECB) and (c) a double-
edge-cracked tension plate (DECT). Configuration (c) is regarded as the reference specimen 
with the external loading denoted by e∞ .σ  The three configurations are shown in Fig. 1 and 
their characteristics have been summarized in Table 1. 
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Finite element analysis of smooth and notched cracked specimens 
The J integral was numerically determined by means of the finite element method. For this 
purpose, the program ABAQUS [6] was applied. It calculates the J integral according to the 
virtual crack extension technique introduced independently by Parks [7] and Hellen [8], and 
features a path independent property. The present study used a total of 30 contours 
surrounding the crack tip. The J-values obtained were almost path-independent, except for 
the contour closest to the crack tip. After removal of the latter, the variation between the 
different contours was less than 0.5%. The J integral was calculated from the mean of 
contours 2 through 30. Each ‘contour’ consists of a ring of elements surrounding the crack 
tip. The local mesh in the crack tip region for the three models (specimens 1 through 3) was 
identical, with 16 elements around the blunted crack tip, which was used in order to resolve 
the near crack tip stress and strain field with sufficient accuracy. The configurations 
considered consist of eight-noded quadrilateral isoparametric second order plane strain 
elements with  integration points (element type CPE8R in ABAQUS [6]). The finite 
element models contained 1100-1600 elements. Isotropic hardening and small displacement 
theory was assumed throughout. The material is characterised in simple tension by the 
Ramberg-Osgood constitutive equation. Under multi-axial stress and proportional loading, 
the equivalent strain of a Ramberg-Osgood solid is given by 

2 2×

e p e
e e e e3
= + = + nA

G
.σε ε ε σ                                                                                           (6)   

The values of the power-hardening exponent n are systematically varied: n = 1, 5, 7 and 10. 
Poisson’s ratio was chosen to be 0 3= .ν . 

 

 
 

FIGURE 1. Boundary conditions applied the cracked specimens. (a) Uniaxially loaded    
DENT plate, (b) pure bending of DECB plate and (c) DECT under uniform membrane force. 
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TABLE 1. Summary of cracked specimens. 

Cracked configuration Specimen 
number 

State of 
stress*

a/w a/ρ a/r r/w ρ/w 

DENT, Fig. 1a 1 pe 0.001 0.01 125 8.0E-6 0.1 

DECB, Fig. 1b 2 pe 0.010  1000 1.0E-5  

DECT, Fig. 1c 3 pe 0.010  1000 1.0E-5  

*pe, plane strain 

 

Double-edge-notched tension plate 
The first configuration considered (specimen 1), was a double-edge-notched plate (DENT) of 
width 2w and height 2h = 4w. The notch is semi-circular with radius 0 1= . wρ  and contains 
an edge crack of length a. For all the configurations considered, the crack was idealised to be 
a narrow U-notch, i.e. it has a blunted tip with radius . According to [9], and verified by 
FEA, the stress concentration factor K

r a
tg = 3.1 for the notched configuration. The plate is 

subject to uniform, uniaxial tension, ∞ ,σ  on its horizontal line y = h, with the associated 
maximum equivalent stress and strain occurring at the notch root. Neuber’s rule [1] can be 
used to predict the actual stress and strain at the notch root from the elastically calculated 
values. Under small scale-yielding, Neuber’s rule can be expressed as [10]  

* *
e e e e= ,σ ε σ ε      (7) 

where elastically calculated quantities have been denoted by an asterisk. Because of the 
twofold symmetry of the problem, only one quadrant of the plate has to be considered, as 
shown in Fig. 1a. The mesh used in the analysis of the notched plate is shown in Fig. 2. It 
consists of 4804 nodes forming 1527 elements. 

 

Double-edge-cracked bending plate 
The second configuration considered (specimen 2) was a double-edge-cracked bending plate 
(DECB) of width 2w, height 2h = 4w and symmetrically located edge cracks of depth a. The 
applied external loading is given by 

( ) ( )1 ∞= = −⎡ ⎤⎣ ⎦y x, y h x / w ,σ σ                                                                                  (8)                        

as shown in Fig. 1b. Thus, the maximum equivalent stress eσ  occurs at the edge x = 0. Due 
to symmetry with respect to the plane y = 0 and anti-symmetry conditions for the edge x = w, 
it is sufficient to consider only a quarter of the plate. 

 

 



ECF15 

 
 

FIGURE 2. Finite element mesh for specimen 2, with a magnified view of the notch root 
region. The mesh contains 4804 nodes forming 1527 elements. 

 

Double-edge-cracked tension plate 
The reference configuration (specimen 3) is a double-edge-cracked plate of width 2w, height 
2h = 4w and symmetrically located edge crack of depth a. Due to symmetry about the lines,    
y = 0 and x = w only one quadrant of the plate has to be considered, as shown in Fig. 1c. The 
cracked plate was separately subjected to the same maximum stress as occurring in the 
double-edge-notched tension plate and double-edge-cracked bending plate, i.e. 

e e∞= .σ σ Under linear elastic conditions, Hooke’s law gives the following relation between 
the equivalent stress at infinity e∞σ  and the uniaxial tension, ∞ ,σ  applied the reference 
configuration: 

e
21+
∞

∞ =
−

.σ
σ

ν ν
     (9) 

With 0 3= . ,ν  equation (9) reduces to 

e

0.79
∞

∞ = ,σσ    (10) 

and for an incompressible solid  the relation becomes ( 1 2= /ν )

e
2
3∞ ∞= .σ σ    (11) 

Based on work by He and Hutchinson [11, 12], the J integral can be expressed in terms of the 
equivalent stress at infinity and the associated strain as 
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e e p p
e e e e∞ ∞ ∞ ∞= +J g a g aσ ε σ ε ,   (12) 

where e∞σ  and e∞ε  are considered as global quantities. To be able to establish J-values 
according to equation (3) as a function of the applied load, one requires additional 
information about the geometric factor gref. When elastic or plastic strain dominates, the 
geometry factor assumes the strain independent values ge and gp, respectively. The elastic 
geometry factor can be determined by means of the stress intensity factor K. For an edge 
crack in a solid under uniaxial tension, ∞σ , perpendicular to the plane of the crack, K can be 
estimated by 

π∞=K f aσ .   (13) 

An expression for the K-based geometry factor f is given by Tada et al. [13]. The stress ∞σ  is 
related to the equivalent stress at infinity by means of the constraint factor ∞λ as 

e∞ ∞ ∞= ,σ λ σ    (14) 

where ∞λ  according to Webster and Ainsworth [14] equals 2 3  under plane strain 
conditions. Substitution of equation (14) into (13) yields 

e π∞ ∞=K f aλ σ .   (15) 

For a linear elastic body under plane strain conditions, stress intensity factors can be readily 
converted from J integral values according to 

2
e 2 e

e e
1

∞ ∞
−

= =J K g
E
ν σ ε e a.

ε σ

   (16) 

With , the geometry factor g( )e e 3∞ ∞= / G e becomes 

( ) ( )2e 3 1
π

2 ∞
−

=g f
ν

λ ,    (17) 

Based on work by He and Hutchinson [11, 12], Webster and Ainsworth [14] proposed an 
approximate solution of the plastic geometry factor gp, valid for a semi-infinite body. Under 
plane strain conditions they proposed the following expression 

( )1 1p 1 122 π+= / ng . n.    (18) 

For an incompressible linear elastic solid, i.e. n = 1, equation (18) reduces to 

( )2p 1 122 π.=g .    (19) 

With 0 5= . ,ν  f = 1.122, 2 3∞ = ,λ  the K-based geometry factor as defined in equation (17) 
becomes 

( )2e 1 122 π,=g .    (20) 

which is in complete agreement with the expression due to He and Hutchinson. It should be 
noted that some care should be exercised in using equations (18) and (17) for the semi-
infinite geometry to model the finite geometry. Since the considered configuration contains a 
shallow edge crack, i.e. a/w = 0.01, equations (18) and (17) is found to be in good agreement 
with finite element results. 
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Local approach 
The elastic-plastic finite element analysis yields the value of the J integral as a function of the 
load. According to equation (1) the geometric factor g can be found from the finite element J 
results as 

e e
=

Jg
a

,
σ ε

                                                                                                              (21) 

and assumes the strain independent values ge and gp when elastic and plastic strain dominates, 
respectively. To determine ge and gp for the double-edge-notched tension plate and double-
edge-cracked bending plate, FEA was first carried out assuming a power-hardening elastic-
plastic solid. When elastic or plastic strain dominates, the geometry factor assumes the two 
asymptotic strain independent values ge and gp, respectively. These two asymptotic values 
were then extracted and tabulated. Secondly, the same maximum equivalent stress was 
applied to the double-edge-cracked tension specimen and the corresponding geometry factors 
were determined. 

The resulting values of e e
refg g  and p p

refg g  are collected in Table 2. The geometric 

ratio, p p
refg g , for n = 1 corresponds to an incompressible linear elastic solid, i.e. 0 5= . ,ν  as 

shown by equations (19) and (20). The results show that the present finite element results are 
in good agreement with the predictions by means of the reference configuration (specimen 3). 
In particular, this is true for linear elastic conditions, where ge is estimated within 3.5 per 
cent, but fair agreement is also obtained under fully plastic conditions. 

TABLE 2. Principal results from elastic-plastic finite element analysis. 

Cracked 
configuration 

Specimen 
number 

State of 
stress*

ge/ge
ref, ν = 0.3  gp/gp

ref   

    n = 1 n = 5 7 10 

DENT, Fig. 1a 1 pe 0.965 0.965 0.924 0.907 0.877 

DECB, Fig. 1b 2 pe 0.989 0.989 0.969 0.961  

*pe, plane strain 

 

Conclusions 
In the present paper, three basic configurations made of power-hardening elastic-plastic 
material has been analysed by means of the finite element method. The elastic-plastic finite 
element analysis yields the value of the J integral as a function of the load. These results were 
used to obtain numerical values of the geometry factors ge and gp. Secondly, the same 
maximum equivalent stress as determined at the critical location of the DENT and DECB 
specimens was separately applied to a uniformly loaded reference specimen. 

For shallow surface cracks located in similar stress fields, the contour integral J should be 
equal and predominantly depend on the local equivalent stress and strain field at the crack tip. 
This implies that the J integral for a shallow cracked component can be estimated from a 
uniformly loaded reference specimen subjected to the same maximum equivalent stress as the 
critical location of the component. For shallow surface cracks, the local approach was found 
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to give conservative predictions, since the geometric ratio was found to be less than unity for 
all cases considered. Under linear elastic conditions, J-values were estimated within 3.5 per 
cent, but fair agreement is also obtained under fully plastic conditions. When the crack depth 
tends to zero, i.e. 0→a w ,  the geometric ratio will approach unity under both linear elastic 
and fully plastic conditions. Since the whole crack is subjected to the maximum local stress 
field. For deep cracks, the J solution of the cracked notch will approach that of a uniformly 
loaded edge cracked plate subjected to the same external loading, ∞ .σ  
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